Symmetry of the tangential Cauchy-Riemann equations and scalar CR invariants by Han, Chong-Kyu & Kim, Sung-Yeon
Osaka University
Title Symmetry of the tangential Cauchy-Riemann equations andscalar CR invariants
Author(s)Han, Chong-Kyu; Kim, Sung-Yeon
CitationOsaka Journal of Mathematics. 38(4) P.851-P.867
Issue Date2001-12
Text Versionpublisher
URL http://hdl.handle.net/11094/7942
DOI
Rights
Han, C.-K. and Kim, S.-Y.
Osaka J. Math.
38 (2001), 851–867
SYMMETRY OF THE TANGENTIAL CAUCHY-RIEMANN
EQUATIONS AND SCALAR CR INVARIANTS
CHONG-KYU HAN and SUNG-YEON KIM
(Received January 6, 2000)
Introduction
Let = { > 0} be a bounded strictly pseudoconvex domain in C +1 with smooth
( ∞) boundary and let be the Bergman kernel defined on . In [3], C. Fefferman
proved
( ) = φ
+2 + ψ ln
where φ and ψ are functions that are ∞ up to ∂ .
∂ inherits a geometric structure, called CR structure, from C +1 which is rele-
vant for the biholomorphic equivalence of . Fefferman’s program, initiated in [5], is
to compute all the scalar CR invariants of ∂ and to express the asymptotic expan-
sion of φ modulo ( +2) and ψ modulo ( ∞) in terms of scalar CR invariants
of ∂ .
Fefferman’s invariant theory was developed further by T.N. Bailey, M.G. East-
wood, C.R. Graham, G. Komatsu and K. Hirachi, see [1], [7] and [8]. The main
method is to obtain a defining function which is invariant under biholomorphic maps
up to a power of determinants of biholomorphic maps and to construct a Ka¨hler-
Lorentz metric on a line bundle of which is invariant under local biholomorphic
maps and unique modulo ( +1).
In present paper our approach is viewing the CR invariants of a real hypersurface
of C +1 as a scalar function defined on the jet space of CR embedding : →
C +1 which is invariant under deformation of embedding. We express necessary and
sufficient condition for scalar CR invariants using symmetry of the tangential Cauchy-
Riemann equations.
Let = { = 0} be a ∞ real hypersurface in C +1 and let { } =1 ... be a
∞ basis of the CR structure bundle 1 0( ) = C ( )∩ 1 0(C +1). A mapping =
( 1 . . . +1) : → C +1 is a CR embedding if
= 0 = 1 . . . = 1 . . . + 1(0.1)
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and
1 ∧ · · · ∧ +1 6= 0
(0.1) is called the tangential Cauchy-Riemann equations.
A symmetry of CR embedding equations transforms a CR embedding into another.
Hence if a function is invariant under CR maps, then it is invariant under a symmetry
of CR embeddings. We show that in the case of ∞ real hypersurfaces in C +1 of
nondegenerate Levi form, all scalar CR invariants are invariant under the symmetry of
CR embeddings up to a power of determinants of CR maps and vice versa.
The merit of using the symmetry of CR embedding equations is that one need not
construct special defining functions such as Fefferman’s defining functions to define
scalar CR invariants with weights.
We organize this paper as follows.
In §1 we introduce the definition of scalar CR invariants. In §2 we review some
basic notions of jet theory and symmetry of partial differential equations. In §3 we
study the infinitesimal symmetry of CR embeddings. In §4 we state and prove our
main result and in §5 we restate our result on a C∗ bundle of .
We thank Professor Gen Komatsu and Professor Kengo Hirachi for teaching us
Fefferman’s theory of CR invariants.
1. Definition of the scalar CR invariants
Let ⊂ C +1 be a real analytic( ω) real hypersurface containing 0 ∈ as a
reference point. Let = ( +1) = ( 1 . . . +1) ∈ C +1 and +1 = + . Define
〈 〉 =
∑
=1
where ( ) =1 ... is an × hermitian matrix with det( ) 6= 0.
DEFINITION 1.1. is said to be in Moser’s normal form if is given by
= 〈 〉 − ( )
where
( ) =
∑
|α| |β|≥2
≥0
αβ
α β
with
αβ
= βα and
tr 22 = tr
2
23 = tr
3
33 = 0 for all ≥ 0
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where = (
αβ
: |α| = |β| = ) and tr is the trace with respect to ( ) =1 ... .
We have
Theorem 1.2. ([2], [9]) If is a ω real hypersurface of nondegenerate Levi
form, then there exists a local biholomorphic map such that ( ) is in Moser’s
normal form.
If is in Moser’s normal form, we write = ( ), where = (
αβ
) is a
collection of the coefficients of the defining function of . In general, Moser’s normal
form of is not unique. In fact, has a unique Moser’s normal form if and only
if is locally equivalent to a hyperquadric, a real hypersurface 0 defined by =
〈 〉.
Let be the isotropy group of the hyperquadric 0 consisting of the holomor-
phic mappings leaving 0 and the origin fixed and let N be the set of all Moser’s
normal form coefficients = (
αβ
). Then there is a group action
×N −→ N
( ) −→ ·
such that two hypersurfaces and ˜ are biholomorphically equivalent if and only if
their Moser’s normal form coefficients are in the same -orbit.
DEFINITION 1.3. A polynomial ( ) in ∈ N is said to be a scalar CR invariant
of weight if
( ) = | det ′(0)|2 /( +2) ( · )
for all ∈ .
Suppose is a scalar CR invariant of weight . Then for each ω hypersurface
of nondegenerate Levi form , we can define a real-valued ω function as fol-
lows:
Let ∈ . Choose a local biholomorphic map defined on a neighborhood of
such that ( ) = 0 and ( ) := ( ) is in Moser’s normal form. Define
( ) := | det ′( )|2 /( +2) ( )
Then ( ) is well-defined independently of the choice of . Let
( ) =
∑
eα
eα( )( − )eα
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be the power series expansion of at , where α˜ = (α1 . . . α +1) are ( + 1)-
tuples of nonnegative integers. Then for each α˜,
eα( ) is determined by a finite jet
of a defining function of at . In particular, if is defined by
− ( ) = 0
then
eα( ) is a polynomial of the derivatives of at . Hence if is ω , then eα( )
is also ω. Therefore is ω. Furthermore, satisfies a transformation law
= | det ′|2 /( +2) ( ) ◦
for any biholomorphic map .
Since ( ) depends only on a finite jet of a defining function at , we can de-
fine a smooth function as above for any ∞ hypersurfaces of nondegenerate Levi
form.
2. Infinitesimal symmetry of differential equations
In this section we introduce basic notions of infinitesimal symmetry of differential
equations. We refer [10] as a reference.
Let be an open set of R and be an open set of R . Let : → be a
smooth map. By ( ( )) we denote all the partial derivatives of = ( 1 . . . ) up
to order at and by we denote finite jet of at of unspecified order. The
set ( ) := {( ( )) : ( ) ∈ × }, whose coordinates represent the indepen-
dent variables, dependent variables and the derivatives of the dependent variables up
to order is called the -th order jet space of the underlying space × . A real
valued smooth function ( ( )) defined on ( ) is called a differential function
of order and denoted by [ ].
Now consider a system of -th order differential equations
(2.1) ν( ( )) = 0 ν = 1 . . .
for unknown functions = ( 1 . . . ) of variables = ( 1 . . . ). For a -tuple
of integers = ( 1 . . . ), define | | = 1 + · · · + and
=
(
∂
∂ 1
) 1
· · ·
(
∂
∂
)
We consider an evolutionary vector field
=
∑
=1
[ ] ∂
∂
where = ( 1[ ] . . . [ ]) is a -tuple of differential functions of unspecified or-
der. The -th prolongation of is an evolutionary vector field on ( ) defined
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by
( )
= +
∑ ∑
1≤| |≤
φ
∂
∂
where
φ = φ
and
=
Let I be the set of all differential functions of the form
∑
| |≥0
∑
ν=1
ν [ ]( ν)
where ν [ ] is a differential function of unspecified order. Then
DEFINITION 2.1. =
∑
=1 [ ](∂/∂ ) is called a generalized infinitesimal
symmetry of a system (2.1) if
( ( ) ) ν = 0 mod I
for all ν = 1 . . . .
If = ( ) is a ∞ solution of (2.1) and = ∑
=1 [ ](∂/∂ ) is a general-
ized infinitesimal symmetry of (2.1), then evaluated on the jet of
( ) =
∑
=1
[ ] ∂
∂
is a ∞ vector field on ( ), which is an infinitesimal deformation of the solution .
We have
Theorem 2.2. Suppose that =
∑
=1 [ ](∂/∂ ) is a generalized infinitesi-
mal symmetry of a system (2.1) and that ( ) is a solution of (2.1). Suppose a map-
ping
(· ) = ( 1 . . . ) : × (−ǫ ǫ) →
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satisfies 
∂ ( )
∂
= [ ] = 1 . . .
( 0) = ( )
Then for each ∈ (−ǫ ǫ), (· ) is a solution of (2.1).
Proof. See [10].
3. Infinitesimal symmetry for CR embeddings
Let be a ∞ real hypersurface in C +1 of nondegenerate Levi form and let
{ } =1 ... be a basis of 1 0( ). Let = ( 1 . . . +1) : → C +1 be a ∞
embedding into C +1.
For each = 1 . . . and = 1 . . . + 1, let
(3.1)
{ 2 −1
= Re( )
2
= Im( )
Denote
∂
∂ζ
=
1
2
(
∂
∂ 2 −1
−√−1 ∂
∂ 2
)
∂
∂ζ
=
1
2
(
∂
∂ 2 −1
+
√−1 ∂
∂ 2
)
for all = 1 . . . + 1. Then an evolutionary vector field
=
+1∑
=1
[ ] ∂
∂ζ
+ [ ] ∂
∂ζ
where [ ] = 1[ ] + √−1 2[ ], [ ] = 1[ ] − √−1 2[ ] for some differential
functions 1[ ] and 2[ ], = 1 . . . + 1, is a generalized infinitesimal symmetry of
(3.1) if and only if
[ ] = 0 mod I
for all = 1 . . . and = 1 . . . + 1, where I is the ideal generated by
∑
| |≥0
2 +2∑
ν=1
ν [ ]( ν)
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If : → C +1 is a ∞ CR embedding, then evaluated on the jet of
is a ∞ vector field
∑ +1
=1 φ (∂/∂ζ ) +
∑ +1
=1 φ (∂/∂ζ ) on ( ) such that φ is a
∞ CR function defined on ( ) for all = 1 . . . + 1. On the other hand, if
=
∑ +1
=1 φ (∂/∂ζ ) is a holomorphic vector field on C +1, where φ = 1 . . . +1,
are holomorphic functions, then + is an infinitesimal symmetry of (3.1).
Now let T be a ∞ real vector field on = { = 0} such that ∂ (T) 6= 0. Then
{ } =1 ... together with +1 := J(T) +
√−1T span 1 0(C +1) along , where J is
the complex structure on C +1. Hence there exists ( ) = ( ( ))
=1 ... +1 such that
each ( ) is ∞ on and
  ·
 1..
.
+1
 =
 ∂/∂ 1..
.
∂/∂ +1

along .
For ( + 1)-tuple of holomorphic functions φ = (φ1 . . . φ +1) on a neighborhood
of , define
φ =
∑ ∂
∂ζ
+
∂
∂ζ
where
=
+1∑
=1
φ
∑
=1
ζ +
√−1 +1Tζ

Then we have
Proposition 3.1. φ is an infinitesimal symmetry of (3.1). Moreover, if a differ-
ential function [ ] = [ ( )] which is holomorphic in its arguments satisfies
(3.2) ( ( ) φ) [ ] = 0 mod I
for all ( + 1)-tuples of holomorphic functions φ, then [ ] = ( ) modulo I, where
( ) is a ∞ function of variables only.
Proof. Since φ , = 1 . . . + 1, are holomorphic on a neighborhood of , we
can easily show that φ is an infinitesimal symmetry of (3.1).
Now suppose there is ( 0 ( )) such that [ 0 ( )] 6= [ 0 ( )] modulo I. We
may assume that = is a ∞ embedding. Furthermore we may assume that there
exist ∞ embeddings = + , 0 ≤ ≤ 1, such that∣∣∣
=0
[ 0 ( )] 6= 0
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Choose a holomorphic mapping ˜ and ˜ such that
= ˜ + (| − 0| +1)
and
= ˜ + (| − 0| +1)
Then ∣∣∣
=0
[ 0 ( )] =
∑ ˜ ( 0) ∂
∂ζ
[ 0 ˜ ( )]
where
˜ ( ) = ( ∂
∂
) ˜ ( ) := ( ∂
∂ 1
) 1
· · ·
(
∂
∂ +1
)
+1 ˜ ( )
Define
φ =
∑ ˜ ˜
where ˜ = (˜ ) is the inverse matrix of ˜ = (˜ ) = (∂˜ /∂ ) =1 ... +1 and define
φ =
∑ (∂/∂ζ ) + (∂/∂ζ ) as above.
Then
˜ ( ) = ( ∂
∂
)
[ ( )]
Hence we have
( ( ) φ) [ 0 ( )] 6= 0
which contradicts the assumption (3.2).
4. Scalar invariants for CR embeddings and scalar CR invariants
Let be an (2 + 1)-dimensional ∞ CR manifold and let = ( 1 . . . 2 +1) be
a coordinate system on . Let : → C +1 be a ∞ map such that 1 ∧ · · · ∧
2 +1 6= 0 on . Then the image ( ) is a graph 2 +2 = ( 1 . . . 2 +1) of some
∞ function . For each positive integer , we define a map π from an open subset
of ⊂ ( R2 +2) to the -th jet space (R2 +1 R) as follows:
For = 1, consider the chain rule
(4.1) ∂
2 +2
∂
=
2 +1∑
=1
∂
∂
∂
∂
= 1 . . . 2 + 1
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Let 1 be the subset of ( R2 +2) on which [(∂ /∂ )] =1 ... 2 +1 is non-singular.
Then on 1, we can solve (4.1) for (∂ /∂ ), = 1 . . . 2 + 1, in terms of ∂ /∂ ,
= 1 . . . 2 +1 and = 1 . . . 2 +2. So define π : 1 → 1(R2 +1 R) by π( (1)) =
( ′ (1)), where ′ = ( 1 . . . 2 +1). We define π : → (R2 +1 R) inductively for
each positive integer .
From now on we only consider the case that is a ∞ real hypersurface in C +1
of nondegenerate Levi form. Let θ be a non-vanishing real-valued 1-form of which
annihilates 1 0( )+ 0 1( ). Since is of nondegenerate Levi form, we can choose
a unique θ up to sign such that θ ∧ ( θ) = , where is a volume form of
defined by = ⌋ , where is a unit normal vector field on and is a
volume form of C +1.
Now consider a differential function of -th jet space (R2 +1 R) of which
is analytic in its arguments on a neighborhood of the -th jet of = 〈 〉 at 0 in
(R2 +1 R). Let { 1 . . . } be a basis of 1 0( ) and T be a real vector field of
such that θ(T) = 1. Assume that
θ =
√−1
∑
=1
θ ∧ θ mod θ
where {θ θ θ } =1 ... is the dual basis of {T }. Let I be the ideal as in Sec-
tion 3. Then
DEFINITION 4.1. Let = ( 1 . . . +1) : → C +1 be a ∞ embedding and let
be a holomorphic function on (R2 +1 R). is a scalar invariant of CR embed-
ding if for all ∞ embedding ,
◦ π( ( )) =
{
2
+1‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2} /( +2) ( ) mod I
for some function ( ) of only variables, where ‖θ‖ is the Euclidean norm of θ,
+1 1 ∧ 1 · · · +1 ∧ +1 = 2 +2 and = , = 1 . . . , +1 = T.
Note that if : → is a local biholomorphic map on a neighborhood of ,
then 2+1‖θ‖ · | det( )|−1 · | det( )|2 = | det ′|2. Hence we have
Theorem 4.2. is a scalar invariant of CR embeddings of weight if and only
if is a scalar CR invariant of weight .
Suppose is defined by 2 +2 − ( 1 . . . 2 +1) = 0 and is a scalar invariant
of CR embeddings of weight . Since ◦ π( ( )) = ( ), ( ) is a scalar CR
invariant of weight by Theorem 4.2.
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Proof of Theorem 4.2. Suppose 0 ∈ is a ∞ real hypersurface in C +1
of nondegenerate Levi form. Let be a scalar invariant of CR embeddings of
weight . If : → is a (formal) local biholomorphic map on a neighbor-
hood of such that ( ) is in Moser’s normal form, then ◦ π( ( ))| =0 =
| det ′(0)|2 /( +2) ′( ), where ′ is a holomorphic function defined on (R2 +1 R)
such that ′( · ) = | det |−2 /( +2) ′( ).
Now let
λ( +1) := (λ 1 . . . λ λ2 +1)
for some λ > 0. Then
′( λ · ) = λ−2 ′( )
Hence ′ is a weighted homogeneous polynomial in (
αβ
) with weight
(
αβ
) := |α| + |β| + 2 − 2
Conversely, if ′ is a polynomial in the coefficients of Moser’s normal form
(
αβ
) such that ′( · ) = | det |−2 /( +2) ′( ), then define ( ′ ( )) as follows:
Consider a ∞ real hypersurface ˜ = { 2 +2 − ( 1 . . . 2 +1) = 0} in R2 +2
with nondegenerate Levi form. Let 0 ∈ . After a holomorphic change of coordinates
given by a quadratic map, we may assume that 0 = 0 and
( 1 . . . 2 +1) =
∑
=1
ζ ζ + (| 2 +1| + |ζ|2)
where ζ = 2 −1 +
√−1ζ2 and ζ = (ζ1 . . . ζ ). Choose : ˜ → ˜ , a formal
series of local biholomorphic map on a neighborhood of ˜ to a neighborhood ˜ of
( ˜ ) = ˜ which is in Moser’s normal form, with the properties
(0) = ∂
2 +1
∂ζ ∂ζ
(0) = 0 = 1 . . .
and
Im
(
∂2 +1
∂2ζ +1
(0)
)
= 0
where ζ +1 = 2 +1 +
√−1 2 +2.
Let ˜ = ˜ ( ). Then
αβ
, + |α| + |β| ≤ are holomorphic functions in
( ) at ( 10 . . . 2 +10 ). Define ( ′0 ( )) = ′( ), where ′0 = ( 10 . . . 2 +10 ). Then
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( ′0 ( )) is a holomorphic function in its arguments on a neighborhood of the -th
jet of 〈 〉 at 0 in (R2 +1 R) such that
◦ π( ( )) = | det ′|2 /( +2) ( ) mod I
for all (local) biholomorphic map . Since ◦ π depends only on a finite jet of at
a reference point, this implies that is a scalar invariant of CR embeddings of weight
.
Now we will give an equivalent condition of Definition 4.1 by using infinitesimal
symmetries of tangential Cauchy-Riemann equations.
Lemma 4.3. Let (1) ∈ 1. If = ∑ +1
=1 [ ](∂/∂ζ ) + [ ](∂/∂ζ ) is an
infinitesimal symmetry of (3.1), then
(1)
(
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2)
=
(
tr( ′[ ]) + tr( ′[ ]))(‖θ‖ · ∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2) mod I
where ( ′[ ]) = ( [ ])
=1 ... +1 for = = 1 . . . , +1 = T and tr is the
trace with respect to
( )−1
=1 ... +1.
Proof. Suppose there exists a one-parameter family of local biholomorphic
maps such that 
∂ ( )
∂
∣∣∣
=0
= ( ( )) = 1 . . . + 1
0( ) = ( )
Then
(1) (det ′) = ∂
∂
∣∣∣
=0
(det ′)
Let := −1 ◦ . Then : → C +1 is a one-parameter family of local biholomor-
phic maps such that 0 = . Hence
∂
∂
∣∣∣
=0
(det ′) =(det ′) ∂
∂
∣∣∣
=0
(det ′)
=(det ′)
(
+1∑
=1
∂
∂
∣∣∣
=0
∂
∂
)
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Since
∂
∂
∣∣∣
=0
∂
∂
=
∂
∂
∣∣∣
=0
(
+1∑
=1
∂( −1)
∂ζ
∂
∂
)
=
+1∑
=1
∂( −1)
∂ζ
∂
∂
∂
∂
∣∣∣
=0
=
+1∑
=1
∂( −1)
∂ζ
∂
∂
( [ ( )])
we have
∂
∂
∣∣∣
=0
(det ′) = (det ′) tr
(
∂ [ ( )]
∂
)
=1 ... +1
where tr is the trace with respect to (∂ /∂ )−1
=1 ... +1. This implies that
(1) (| det ′|2) = | det ′|2
(
tr
(
∂ [ ( )]
∂
)
+ tr
(
∂ [ ( )]
∂
))
which completes the proof.
Theorem 4.4. P is a scalar CR invariant of weight if and only if P satisfies
( ) ( ◦ π( ( )))
=
+ 2
(
tr( ′[ ]) + tr( ′[ ])) ◦ π( ( )) mod I
for any infinitesimal symmetry = ∑ +1
=1 [ ](∂/∂ζ ) + [ ](∂/∂ζ ) of (3.1).
Proof. Suppose is a scalar CR invariant of weight . Then
◦ π( ( )) =
{
2
+1‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2} /( +2) ( ) mod I
Hence by Lemma 4.3,
( ) ( ◦ π( ( )))
=
+ 2
(
tr( ′[ ]) + tr( ′[ ])) ◦ π( ( )) mod I
Now suppose satisfies
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( ) ( ◦ π( ( )))
=
+ 2
(
tr( ′[ ]) + tr( ′[ ])) ◦ π( ( )) mod I
Since
( )
(
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2) /( +2)
=
+ 2
(
tr( ′[ ]) + tr( ′[ ]))(‖θ‖ · ∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2) /( +2) mod I
by multiplying (‖θ‖ · | det( )|−1 · det( )|2)− /( +2), we have
(
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2)− /( +2) ( ) ( ◦ π( ( )))
− ( )
(
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2)− /( +2) ◦ π( ( ))
= 0 mod I
for any infinitesimal symmetry of (3.1). This implies that
( )
((
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2)− /( +2) ◦ π( ( )))
= 0 mod I
for any infinitesimal symmetry of (3.1). Hence by Proposition 3.1 we have(
‖θ‖ ·
∣∣∣ det( )∣∣∣−1 · ∣∣∣ det( )∣∣∣2)− /( +2) ◦ π( ( )) = ( ) mod I
for some function ( ) of only variables.
5. Scalar invariants of CR embeddings on a C∗ bundle
In Section 4 we have to choose θ such that θ ∧ ( θ) = . In this section we
restate our main theorem without choosing θ by considering a C∗ bundle C∗ × of
as in [4] and [5].
Suppose ˜ ⊂ C +1 is defined by
(5.1) ρ = 2 +2 − ( 1 . . . 2 +1) = 0
Now consider C∗ × ˜ . We regard this as a real hypersurface in C∗ ×C +1 defined by
(5.1).
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Let (ζ0 ζ) = (ζ0 ζ1 . . . ζ +1) ∈ C∗×C +1. Let (C∗×R2 +1 R) be the -th jet
space of ∞ functions ♯ : C∗ × R2 +1 → R. If : R2 +1 → R, then define
♯ = |ζ0|−2/( +2) ( 1 . . . 2 +1)
Let be a neighborhood of . Consider the -th jet space S♯ j (C∗ ×
C∗ × C +1) consisting of restrictions of local biholomorphic maps
φ♯ : C
∗ × → C∗ × C +1
such that detφ♯ ≡ 1.
If : → C +1 is a local biholomorphic map, then define
(5.2) ♯(( 0 )) = ( 0(det ′( ))−1 ( ))
where ( 0 ) ∈ C∗ × . Then ( )♯ ∈ S♯ .
For φ♯ : C∗ × → C∗ × C +1, let ′♯ = (φ0♯ . . . φ♯ Re(φ +1♯ )). Now consider π♯ :
(C∗ × C∗ × C +1) → (C∗ × R2 +1 R) defined by π♯(( 0 ) φ( )♯ ) = ( ′♯ ( )♯ ).
Let ♯ be a differential function which is holomorphic on a neighborhood of the -th
jet of ♯ = |ζ0|−2/( +1)
∑
=1 ζ ζ at (ζ0 ζ) = (1 0). Then
Theorem 5.1. If ♯ ◦ π♯ = ( 0 0 ) on S♯ for some function then
♯ =
∑
|ζ0|−2 /( +2)
where is a scalar CR invariant of weight .
Proof. Let ♯ ⊂ (C∗ × R2 +1 R) be the -th jet space of functions of the
form
♯ = |ζ0|−2/( +1) ( 1 . . . 2 +1)
Then ♯|
♯
is a holomorphic function in
(ζ0)− 1/( +2)(ζ0)− 2/( +2) ( 1 . . . 2 +1) 1 + 2 + | | ≤
Thus
♯ =
∑
1 2
(ζ0)− 1/( +2)(ζ0)− 2/( +2) 1 2
where 1 2 is holomorphic in ( ).
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Since ♯ is real, 1 = 2. Hence
♯ =
∑
|ζ0|−2 /( +2)
where is holomorphic in ( ) and
♯ ◦ π♯(( 0 ) ( )♯ ) =
∑(| 0|−1| det ′|)2 /( +2) ◦ π( ( ))
for all ♯ defined by (5.2).
On the other hand, if ♯ ◦ π♯ = ( 0 0 ) on S♯ , then
( 0 0 ) =
∑
| 0|−2 /( +2) ( )
on S♯ , where is a ∞ function defined on . Hence
◦ π( ( )) = | det ′|2 /( +2) ( )
for all local biholomorphic map , which implies that is a scalar CR invariant of
weight .
Suppose ♯ =
∑ +1
e=0 φ
e
♯ (∂/∂ζe) is a holomorphic vector field on C∗ × C +1 such
that φe♯ , ˜ = 0 . . . + 1, are holomorphic functions on C∗ × C +1. Then ♯ is an
infinitesimal symmetry of S♯ if and only if trφ′♯ = 0, where trφ′♯ is the trace of
(∂(φ0♯ . . . φ +1♯ )/∂( 0 . . . +1)).
If =
∑ +1
=1 φ (∂/∂ζ ) is a holomorphic vector field on C +1, then define
♯ =
+1∑
e=0
φe♯
∂
∂ζe
with
φe♯ =
{−ζ0 trφ′(ζ) ˜ = 0
φe(ζ) ˜ = 1 . . . + 1
where trφ′ is the trace of
(
∂(φ1 . . . φ +1)/∂( 1 . . . +1)
)
. Then ♯ is a holomorphic
vector field on C∗ × C +1 such that trφ′♯ = 0.
Consider S♯ as a subbundle of (C∗ × C∗ × C +1) over C∗ × . Then the
set of vectors
(5.3){
( )( ♯ + ♯) : ♯ =
+1∑
e=0
φe♯
∂
∂ζe
trφ′♯ = 0 φe♯ : holomorphic functions
}
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spans the vertical tangent spaces of S♯ .
Theorem 5.2. If ( )( ♯ + ♯) ♯ ◦ π♯ = 0 on S♯ for all infinitesimal symmetry
of S♯ of the form (5.3), then
♯ =
∑
|ζ0|−2 /( +2)
where is a scalar CR invariant of weight .
Proof. Suppose ( )( ♯ + ♯) ♯ ◦π♯ = 0 on S♯ for all infinitesimal symmetry of
S♯ of the form (5.3). Since ( )( ♯ + ♯) of the form (5.3) span the vertical vector
spaces of S♯ over C∗ × ,
♯ ◦ π♯ = ( 0 0 )
on S♯ . Thus by Theorem 5.1,
♯ =
∑
|ζ0|−2 /( +2)
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